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Abstract

We have proved a new rotational sorting algorithm capable of reducing the complexity of data assignment process
embedded in the maximum likelihood (ML)-based solution of a multitarget tracking problem f(df)®f the
conventional Hungarian type routines t@X%) provided that the bearings-only measurements from an array of
passive sensors are free from cluttering and missing data. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

We consider tracking th¥ targets having arbitrary motion exploiting the givescans of bearings-only
measurements fromsensors monitoring the given surveillance region. Now each “sensor” consists of
a passive array of acoustic sensors and a front-end direction-of-arrival (DOA) estimator, and each scan
of the sensors provides a set of measurement$ nfoving targets within the region. Fig. 1 illustrates
a most typical multitarget—multisensor encounter. The purpose is to identify the targets at each of time
sequences, estimating the targets’ states as to their positions. We restrict the analysis to the case of no
cluttering and no missing measurements throughout this paper.

Having an important application in implementing multitarget trackings in a spatial sensor tracker
including an underwater passive sonar tracking environment, the problem has been extensively studied
[1-6]. Despite extended efforts in the past, the problem has not been solved successfully as yet mostly
because of the difficulty associated with the data association problem mainly because it remains NP hard
when the number of the sensors exceed three even in the simplified cases with stationary targets [4,7,8].

The maximum likelihood (ML)-based relaxation approach has been one of the most extensively used
methods in the problem, where a non-convex conditional likelihood function of bearings-only measure-
ments are maximized with respect to both data associations computed and target initial states. This is
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Fig. 1. Typical target—sensor encounter.

equivalent to minimizing the magnitude of the average square errors (ASE) of its exponent (see Eq. (5)
in Section 3). A global minimum can be attained in principle by repeating the following two steps until
the solution converges; the first step minimizing the ASE with respect to initial target state vector for a
fixed data assignment matrices and the second step minimizing the ASE with respect to data assignment
matrices constructed for the given initial state vector. The first step of the approach usually exploits
the Gauss—Newton downhill type algorithm where resolving local minima trappings presents a hardest
problem, while the second step resorts to Hungarian type algorithms [1-3,9], including the most famous
Hungarian algorithm of [10,11], the improved Hungarian algorithm of [12], Auction and RELAX-II al-
gorithms of [13,14], the signature methods of [15,16], or JVC algorithm of [17], all of which have the
complexity of QN3).

Itis an observation that each column and each row of the involved coefficient matrices can be made to
form a movable uni-modal series (see Eq. (6) in Section 3, and Definition 1) that has been instrumental
in introducing a new rotational angular sorting algorithm. As we prove in this paper, the new algorithm
is capable of reducing the(@?3) complexity of Hungarian type algorithms to(®?) when introduced
into the second step above.

The rest of the paper will be organized as follows. In Section 2, we review the formulation of the
problem and the ML-based relaxation algorithm. The theorems and routine for establishing an optimality
of the data association problem are given in Section 3. Section 4 includes some concluding remarks.

2. Problem formulation and ML principle
2.1. Problem formulation

The detailed formulation of the multitarget, multisensor tracking problem could be found in [1], and it
is reviewed here only briefly. The following notations are used.
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1. () = (BY (), B2 ()), ..., BNi(j)) denotes theV-tuple measuring bearing data vector of sensor
i attimej, whereg(j) (0 < B"(j) < 2m) is the measuring bearing data from targfer the sensor
i attimej.

2. Bi(j) = (BY()), B (j), ..., BY(j)) is the cumulativeN-tuple bearing estimate measurement

vector of sensor at time j, wherep"(j) (0 < B"i(j) < 2x) is the estimated measurement for the
targets from the sensoi at time j. This can be obtained from the initial target state ve&tavhich
describes the position and velocity of all the targets, by an arctangent function [1].

3. Ci(j) is a data assignment matrix, whose components consist of 0—1 elements only with just one 1
element appearing in each of the rows and columns where the €htrj)[im = 1 denotes that the
mth element of the measurement vegsog ) is associated with theth targetc(i, j, ¢) is the integer
satisfying [C' (j)]cq.j.n = 1.

A solution to the ML-based multitarget tracking algorithm is obtained by maximizing the conditional
likelihood of the measurements of the seng@¥0),8(1), ... , BL(k), B2(0), ..., B?(k), ..., B°(0),

..., BE(k) givenCk = {CX(0), C*(D), ..., CY(k), C%(0),...,C?%k),...,C*0),...,C(k)} and the

initial target state vectok

1 T N o b
A=Zexpl =53 > [C DB (D= DIRC DB DB DI | - (1)

i=1 ;=0

This is equivalent to minimizing the corresponding ASE,

1 S . o >
ASE = =5 > [CT(DB =B DI RTC (DB (D=F' ()]

i=1j=0

1 L& Betidini - i 2
ZSW\IZZZ (T) . @

t=1i=1j=0

R; = 0?1 of Egs. (1) and (2) denotes the x N diagonal noise covariance matrix at tile sensor, and
¢ is a constant independent 6f and the initial target state vectr.

Note that, Eqgs. (1) and (2) differ distinctly from those of the existing references on this topic [1,18,19]
only by a newly introduced operatior-", which is defined as

a—b, if —m<a—-b<m,
a=b={3a—-b—2n, if a—b>m, 3
a—b+2r, if a—b<-—m.

We see immediately that this new operation is needed to ensure the angular differences formed to be
in (—m, r] such that the mismatching of angles across the so-called Riemann sheet is avoided. In the
conventional difference formula based on normat {1,4,18,19], this mismatching is inevitable. As we

will show in footnote 1, we could in fact develop a faster data assignment algorithm with complexity
O(N log N) for such a conventional formula.
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2.2. Outline of ML-based relaxation algorithm for multitarget tracking

The ML-based relaxation method proceeds repeatedly along the following process until the solution
converges: for fixed*, ASE is minimized with respect t&. For givenX (and thusg () for all i and}),
ASE is minimized with respect 6. A standard technique used in these steps is a Gauss—Newton downhill
type algorithm for the first process while Hungarian type data assignment algorithms are exploited for
the data association process.

It is the second stage of the process where our new rotational sorting-based algorithm replaces the
Hungarian type assignment algorithms improving the complexity frati ¥ of the Hungarian type to
O(N?) for this step. The new algorithm will be shown and proved in Section 3.

3. Thedata association routine and rotational sort

On writing

(B iGp ) )
Ej=Y_ : 4)
t=1

o]

the ASE can be expressed as

ASE = kNZZ i (5)

i=1;=0

We see easily that that the minimizing process of ASE with respect tior given X is equivalent to
minimizing each individual ternk;; independently with respect © (j).
This requires a minimization of the following cost function:

N N
T = Zzpnm[ci(j)]nms (6)

n=1lm=1

where ppm = (Bu=Bn)2, Where = (B1, Bo, ..., Bn) . B = (Bu, B, ..., By) are theN-tuple real
bearing measurement vector andMiuple estimated bearing vector, respectively.

Most of the existing publications solve the data association problem in the minimization equation (6)
by general Hungarian type algorithms. But we now show that the following uni-modal property of the
coefficient matrix pnm] v xn Of EQ. (6) allows a more efficient and simpler algorithm.

ObservationEach column and each row of matrigaf] vy < v, respectively, form a movable uni-modal
series, if both of3, Ba, . .. , By, andBy, Ba. ... , By have been sorted into increasing order.

The definition of a movable uni-modal series is given as follows.

Definition 1. The finite series of real numbets, as, . .. , a,, is called a movable uni-modal series if and
only if there exists two element anda;, such that the series, a; 1, ... , a;j_1 is a strictly decreasing
series and;, aj41, ... , a;—1 is a strictly increasing series, wherg., is denoted as;.



L. Chen, N. Tokuda/Mathematics and Computers in Simulation 1939 (2001) 1-12 5

Taking a full advantage of the uni-modality of the series, we will now prove that an rotational sorting
algorithm can be used for the data assignment process of multitarget tracking problem, reducing the
computational complexity from @v?) of the Hungarian type algorithms to(®?2).

Definition 2. For arbitrary two angles andg, 0 < «, 8 < 27, min{a, 8} and maxq, 8} are defined as

. B, if a=>0,
min{a, B} = . 7
(e, B} {a, otherwise (7)
a, if a=>0,
maxXa, B} = . 8
Xa, B {ﬁ, otherwise ()
Definition 3 (Rotational sort). For a list of angles, a5, ... ,,,0 < a; < 27,i = 1,2,...,n, the
rotational sort of the angles is defined as a permutatipny,,, ... , «;, such thaty;, — «;, mod 27 >
o;, —a;, mod 2r, forany 1<u < v <n.
It should be important to note that everuif, o, . .. , «, are all distinct and unequal, the rotational

sorting of the list is not unique. In fact, there areotational sorts in this case. In Fig.d, as, a1, a2, ag
is a rotational sort of the listy, oy, oz, aa, as, satisfying Definition 3.

The notationr; < oz < --- < «, implies that a list ofxy, oz, . .. , @, has been rotationally sorted.
a3 < a5 < o1 < A2 < a4 iS a rotationally sorted list for Fig. 2. And for a given rotationally sorted list
of angles, we can always us&™to denote a sequence of any two angles in the list, if the condition of
Definition 3 is satisfied. The following Lemma 1 is needed to prove Theorem 1.

Lemma 1. Let C be an assignment matrix between vegtes (By, B, ... . Bv)' andp = (B1. fo. .. . ,
Bn)’, satisfying[C] i, = [Cl;i, = 1, with B;, # B;, andB;, # B,,. If we have a rotational sort of the
anglesg;,, Bi,, B,-l, and ,é,»z, satisfying property(1), property(2) or (2'), and property(3) or (3') below
thenC cannot be a best assignment matrix

(D) Bj < By and i, < Biy; o

(2) min{ﬂil’ 1311} = :3,1;1! ﬁjz;ﬁil > 01 and ﬂjz;ﬂjl = 0,

(2) min{Bi,, Bjr} = Bjn, Bi,=Bjy = 0, and B, =p;, = 0;

(3) maX{,Biz? 1812} = ﬂizl ﬂf\Z;ﬂjl >0, and ,sz;,le > 0;

(3) max{Bi,, Bj,} = Bj,» Bj,=Bi, = 0, and B,~p;, > 0.

o

Ols o,

oy

O3

Fig. 2. An example of rotational sorted list.
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2 B, 9 B, B, B,
VAN =

. Bi A ;
511 k4 |312 BJI ﬁk’ Bj,
()i < Biy < By = Bj, (b)Bi; < Bj < Biy < Bjo (e)By; < é.’il < [51'2 < Big

Fig. 3. An example of the four angles in Lemma 1.

Proof. Without loss of generality, we suppose tha} property (2) is aAppIicabIe. Then we will need to
consider only the three cases of Fig. 3:£a)< Bi, < Bj, < Bj, (b) Bi, < Bj, < Bi, < Bj, and (C)B;, <
B, < Bj, < Bi, separately. For cases of (b) and (c), it is easy to establislighats;,)? + (8),~B:,)? <
(Bj,=Bi)* + (Bjy=Bi)*.
For case (a), we have
(Bjr=Bi)? + (Bi,=Bi)* = (B,=Bi) — (Bi=Bu)? + (B =Bi,)?
< (Bi=Bi)* + (Bi=Bi) — (Bi,~Bin))?
= (Bi,=Bi)? + (Bi=Bi)% O )
The conclusion of the lemma is now immediate.
Theorem 1. Letpg,,, B;, andg;, be distinctand pair -wise unequal elements of the vegter (84, Bo, . . . ,

By, satlsfylngﬁ,1 < Bi, < Biy, and ﬂh, /3]2 and ﬂjs be distinct and pair-wise unequal elements of the

vector = (Bu, B2, ..., B, satlsfylngﬁ]1 < ﬁjz < ﬁjs If C is the assignment matrix satisfying
[Clii, = [Cljsi, = [C]jz,3 = 1,thenC cannot be a best assignment matrix.

i
Fi
.'l...
B,
B,
~x —
. .
- A L1 —
I.’_!%— 14 .-.__:lr I I_*:\_.._ Ji ha i1
Fy o .I_-". s
. N B g / K
| i . . H
| & By, i H
I il i2h (] _ldy

Fig. 4. The different positions fg8;,.



L. Chen, N. Tokuda/Mathematics and Computers in Simulation 1939 (2001) 1-12 7

SAENN
i, B,
I% i
o 5, B T
. .-'i{ o i
1 ]
u P HF'-
A, B, |8 1 } B f
il i k1]
B
i,
B, 5,
,
i Ik,

[Aka (3kh TR I

(1}, (2) and {3} are the subcases of 8, = &, < ;. (3-8, (3)-b and {3}-c are

the subwases of (3).

Fig. 5. The cas@;, < B, < B_,l. (1), (2) and (3) are the subcasesBgf < B;, < B_,l. (3)-a, (3)-b and (3)-c are the subcases of
3).

Proof. Withoutloss of generality, we assumetﬁ;uit;ﬂi1 > 0 (seeFig.4). Forananglen0 < a < 2,
we denote-« asw + «, if 0 < o < 7, anda — 7, otherwise. To determine a possible positionfgr
we can enumerate the following four cases of Fig. 4(1)—(4), which represent the cses @, < 3]-1,
Bi, < Bi, < —Bi, —Bi, < Bi, < —Bj, and—B,, < B, < Bi,, respectively. We examine each of the four
cases separately.

For the first case 0B;, < Bi, < ﬁjl, we further consider the subcases depending on the posi-
tions of Bh (see Fig. 5). It is easy to prove the theorem from Lemma 1 for this €asmnnot be
a best assignment for the cases of Fig. 5(1) and (2), becalisg [= [C];;, = 1, the case of
Fig. 5(3) must be subdivided into the subcases of Fig. 5(3)-a, (3)-b and (3)-c, vitigye £ [C] i, =
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1+h

(1}, [2) and {3) are the subrcases of .ﬁ,l = fy < =8, (2)-& and (2)-b are the

subeases of (2), (3)-a and (3)-b are the subeases ol (3).

Fig. 6. The casé_,1 < Bi, < —PBi,- (1), (2) and (3) are the subcasesﬁgf < Bi, < —Pi,- (2)-a and (2)-b are the subcases of (2),
and (3)-a and (3)-b are the subcases of (3).

1, [Cli, = [Clyi, = 1 and Clj;, = [Clui, = 1 support the evidence of not being optimal
separately.

For the remaining cases 6f, < i, < —fBi,, —Bi, < Bi, < —B;, and—B,, < B, < B, of Figs. 6-8,
respectively, we could always find a piece of evidence in each cas€ tisatot the best according to
Lemma 1. O

The following theorem shows that the sorting-based routine @79 complexity gives an optimal
assignment matrix, minimizing the ASE for a fixéd
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11k

(1), (2) and (3) are the subcases of —d;, < 4, = —:'fi'_?l . (2)-a and {2}-b are the

subcases of (2], (3)-a and (3)-b are the subeases of (3).

Fig. 7. The case-g;, < B, < —3j1. (1), (2) and (3) are the subcases-gf;, < B, < —le- (2)-a and (2)-b are the subcases of
(2), and (3)-a and (3)-b are the subcases of (3).

Theorem 2. Suppose that the cumulative bearing estimate measurement vectors for isahsore j

(0 < j <k)isgivenbysi (j) = (BLi(j), B2 (j). ..., BN(j)),and thatthe real bearing data of sengor
isgivenbys’ (j) = (BY(j), B2 (), ..., BV ())) . Given twdd—1distinct matrice<"; andC,, each hav-
ing just onel element in each row and each column, such hat’ (j) = (a1, az, . .. , ay)’, C2p (k) =
(b1, b, ... ,by) ,wWherea; < ay < --- < ayandby < by < --- < by, thenthe best data assignment ma-
trix C'(j) for minimizing ASE with fixed should be chosen from the $ELP.C1| P = [Pryro]Nxn, T =
0,1,2,...,N — 1}, wherep,, ,, is defined as

1, if r,—r —ry=0modN,
Prir; =

10
0, othemwise (10)
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I

s
A,

B

B,

B,
B,

(1}, (2) and (3} are the subeases of —_S“ - f, < 4. 3a) and {3}-b are the

subeases of (1],

Fig. 8. The case—Bj1 < Bi, < Bi,- (1), (2) and (3) are the subcases—qffj1 < Bi, < Bi,- 3-(a) and (3)-b are the subcases of (3).

Proof. If Ci(j) = C,P,C1, we have

sk
ASE = S%\IZZEU ). (11)

i=1;=0

We write Ej (r) = [C"(j),B"(j);B"(j)]’Rl.‘l[C"(j)ﬁ"(j)ﬂ,‘?"(j)]. Noting thatC, = C,*, we have the
following relation:
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Table 1
Routine for finding an optimal assignment matrix

1. Sort the terms i () into increasing order 88 (j), 82 (j), ... , BN (j)

2. Sort the terms i (j) into increasing order 88/t (), B2 (j), ... , BINi(j)

3. ConstructC; for (1) such that€]i, =1foreachl<r < N

4. ConstructC; for (2) such that{,]s, = 1 foreach 1<t < N

5. Foreach?,,r =0,1,..., N — 1, calculateC (j) = C,P,C, and the associatefj; (), then choose the best one

Eij(r) = [CLP,C1B' () =B (D] RTHCLPC18' () =B ()]
. . 4 N 1N
= [P.C1B ())=C2B (DI R7P,C18' (j)~C2p ()] = ;Z(aﬁbm_lmodzm)z. (12)

We should note that the sef,P.C1|r = 0,1,2,... , N — 1} has been obtained after enumerating all
the following matches:

BYGY BEG) BV BMG)Y BFG) e BMG)

B () B - ﬂN"'(j)) BNy BYGY - BN

BYG) B - BN

¢ $ ¢
\B>() BG) -+ B
The conclusion of Theorem 2 is immediate from Theorem 1. O

2 The theorem shows that an optimal local matfix j) for a fixed X can be obtained first by sorting
Bi(j) andBi(j) by any of the sorting algorithm with the complexity of ®log N), and then choosing

the one satisfying Theorem 2 from amoNgpotential candidates. This can be obviously done with the
complexity of QN?). This is illustrated in the new procedural flow of Tablé Note that the sorting of

B(j) could be done at the very beginning of an iteration whose order will remain valid at each step of the
iterations. The complexity of computing the present assignment nm@t¢i¥ is far more efficient than

the Hungarian method type algorithms used by most of previous works (e.g. [1,4]), including a Hungarian
algorithm of [10,11], an improved Hungarian algorithm of [12], Auction and RELAX-II algorithms of
[13,14], or the signature methods of [15,16], all having the complexity @ .

4. Conclusion

Taking full advantage of the uni-modality of the series in the coefficients of the related data association
matrix, we have developed a new data association algorithm problem embedded in the ML-based relax-
ation solution to a multitarget tracking problem, reducing the complexity frgn¥of the conventional
Hungarian type routines to(@'?).

! For the particular case of*” being “—", it is easy to see that the routine of Table 1 can be simplified to complexity of
O(N log N), sinceC'(j) = C,C; gives the best assignment without an enumeratioR,. aff the present case.



12 L. Chen, N. Tokuda/Mathematics and Computers in Simulation 1939 (2001) 1-12

The theorems we have proved depend on the assumption of no cluttering and no missing measuring data.
Although the no cluttering assumption may not be too unrealistic in many of the air traffic surveillance
system [20], the no missing data assumption may be too restrictive in practice. We hope to extend the
analysis to take the missing data into consideration, hoping to obtain the algorithm of lower complexity,
if only the missing data is considered but not the cluttering.
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