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Abstract

We have proved a new rotational sorting algorithm capable of reducing the complexity of data assignment process
embedded in the maximum likelihood (ML)-based solution of a multitarget tracking problem from O(N3) of the
conventional Hungarian type routines to O(N2) provided that the bearings-only measurements from an array of
passive sensors are free from cluttering and missing data. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

We consider tracking theN targets having arbitrary motion exploiting the givenk scans of bearings-only
measurements froms sensors monitoring the given surveillance region. Now each “sensor” consists of
a passive array of acoustic sensors and a front-end direction-of-arrival (DOA) estimator, and each scan
of the sensors provides a set of measurements ofN moving targets within the region. Fig. 1 illustrates
a most typical multitarget–multisensor encounter. The purpose is to identify the targets at each of time
sequences, estimating the targets’ states as to their positions. We restrict the analysis to the case of no
cluttering and no missing measurements throughout this paper.

Having an important application in implementing multitarget trackings in a spatial sensor tracker
including an underwater passive sonar tracking environment, the problem has been extensively studied
[1–6]. Despite extended efforts in the past, the problem has not been solved successfully as yet mostly
because of the difficulty associated with the data association problem mainly because it remains NP hard
when the number of the sensors exceed three even in the simplified cases with stationary targets [4,7,8].

The maximum likelihood (ML)-based relaxation approach has been one of the most extensively used
methods in the problem, where a non-convex conditional likelihood function of bearings-only measure-
ments are maximized with respect to both data associations computed and target initial states. This is
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Fig. 1. Typical target–sensor encounter.

equivalent to minimizing the magnitude of the average square errors (ASE) of its exponent (see Eq. (5)
in Section 3). A global minimum can be attained in principle by repeating the following two steps until
the solution converges; the first step minimizing the ASE with respect to initial target state vector for a
fixed data assignment matrices and the second step minimizing the ASE with respect to data assignment
matrices constructed for the given initial state vector. The first step of the approach usually exploits
the Gauss–Newton downhill type algorithm where resolving local minima trappings presents a hardest
problem, while the second step resorts to Hungarian type algorithms [1–3,9], including the most famous
Hungarian algorithm of [10,11], the improved Hungarian algorithm of [12], Auction and RELAX-II al-
gorithms of [13,14], the signature methods of [15,16], or JVC algorithm of [17], all of which have the
complexity of O(N3).

It is an observation that each column and each row of the involved coefficient matrices can be made to
form a movable uni-modal series (see Eq. (6) in Section 3, and Definition 1) that has been instrumental
in introducing a new rotational angular sorting algorithm. As we prove in this paper, the new algorithm
is capable of reducing the O(N3) complexity of Hungarian type algorithms to O(N2) when introduced
into the second step above.

The rest of the paper will be organized as follows. In Section 2, we review the formulation of the
problem and the ML-based relaxation algorithm. The theorems and routine for establishing an optimality
of the data association problem are given in Section 3. Section 4 includes some concluding remarks.

2. Problem formulation and ML principle

2.1. Problem formulation

The detailed formulation of the multitarget, multisensor tracking problem could be found in [1], and it
is reviewed here only briefly. The following notations are used.
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1. βi(j) = (β1,i(j), β2,i(j), . . . , βN,i(j))′ denotes theN -tuple measuring bearing data vector of sensor
i at timej , whereβt,i(j) (0 ≤ βt,i(j) < 2π ) is the measuring bearing data from targett for the sensor
i at timej .

2. β̂i(j) = (β̂1,i(j), β̂2,i(j), . . . , β̂N,i(j))′ is the cumulativeN -tuple bearing estimate measurement
vector of sensori at timej , whereβ̂t,i(j) (0 ≤ β̂t,i(j) < 2π ) is the estimated measurement for the
targett from the sensori at timej . This can be obtained from the initial target state vectorX̂ which
describes the position and velocity of all the targets, by an arctangent function [1].

3. Ci(j) is a data assignment matrix, whose components consist of 0–1 elements only with just one 1
element appearing in each of the rows and columns where the entry [Ci(j)]tm = 1 denotes that the
mth element of the measurement vectorβi(j) is associated with thet th target.c(i, j, t) is the integer
satisfying [Ci(j)]tc(i,j,t) = 1.

A solution to the ML-based multitarget tracking algorithm is obtained by maximizing the conditional
likelihood of the measurements of the sensors(β1(0),β1(1), . . . , β1(k), β2(0), . . . , β2(k), . . . , βs(0),
. . . , βs(k)) givenCk = {C1(0), C1(1), . . . , C1(k), C2(0), . . . , C2(k), . . . , Cs(0), . . . , Cs(k)} and the
initial target state vector̂X

Λ = 1

c
exp


−1

2

s∑
i=1

k∑
j=0

[Ci(j)βi(j)�β̂i(j)]′R−1
i [Ci(j)βi(j)�β̂i(j)]


 . (1)

This is equivalent to minimizing the corresponding ASE,

ASE = 1

skN

s∑
i=1

k∑
j=0

[Ci(j)βi(j)�β̂i(j)]′R−1
i [Ci(j)βi(j)�β̂i(j)]

= 1

skN

N∑
t=1

s∑
i=1

k∑
j=0

(
βc(i,j,t),i�β̂t,i

σi

)2

. (2)

Ri = σ 2
i I of Eqs. (1) and (2) denotes theN ×N diagonal noise covariance matrix at theith sensor, and

c is a constant independent ofCk and the initial target state vectorX̂.
Note that, Eqs. (1) and (2) differ distinctly from those of the existing references on this topic [1,18,19]

only by a newly introduced operation “�”, which is defined as

a�b =



a − b, if − π < a − b ≤ π,

a − b − 2π, if a − b > π,

a − b + 2π, if a − b ≤ −π.
(3)

We see immediately that this new operation is needed to ensure the angular differences formed to be
in (−π, π ] such that the mismatching of angles across the so-called Riemann sheet is avoided. In the
conventional difference formula based on normal “−” [1,4,18,19], this mismatching is inevitable. As we
will show in footnote 1, we could in fact develop a faster data assignment algorithm with complexity
O(N logN) for such a conventional formula.
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2.2. Outline of ML-based relaxation algorithm for multitarget tracking

The ML-based relaxation method proceeds repeatedly along the following process until the solution
converges: for fixedCk, ASE is minimized with respect tôX. For givenX̂ (and thusβ̂i(j) for all i andj ),
ASE is minimized with respect toCk. A standard technique used in these steps is a Gauss–Newton downhill
type algorithm for the first process while Hungarian type data assignment algorithms are exploited for
the data association process.

It is the second stage of the process where our new rotational sorting-based algorithm replaces the
Hungarian type assignment algorithms improving the complexity from O(N3) of the Hungarian type to
O(N2) for this step. The new algorithm will be shown and proved in Section 3.

3. The data association routine and rotational sort

On writing

Eij =
N∑
t=1

(
βc(i,j,t),i(j)�β̂t,i(j)

σi

)2

, (4)

the ASE can be expressed as

ASE = 1

skN

s∑
i=1

k∑
j=0

Eij . (5)

We see easily that that the minimizing process of ASE with respect toCk for given X̂ is equivalent to
minimizing each individual termEij independently with respect toCi(j).

This requires a minimization of the following cost function:

T =
N∑
n=1

N∑
m=1

ρnm[Ci(j)]nm, (6)

whereρnm = (β̂n�βm)
2, whereβ = (β1, β2, . . . , βN)

′, β̂ = (β̂1, β̂2, . . . , β̂N)
′ are theN -tuple real

bearing measurement vector and anN -tuple estimated bearing vector, respectively.
Most of the existing publications solve the data association problem in the minimization equation (6)

by general Hungarian type algorithms. But we now show that the following uni-modal property of the
coefficient matrix [ρnm]N×N of Eq. (6) allows a more efficient and simpler algorithm.

Observation: Each column and each row of matrix [ρnm]N×N , respectively, form a movable uni-modal
series, if both ofβ̂1, β̂2, . . . , β̂N , andβ1, β2, . . . , βN have been sorted into increasing order.

The definition of a movable uni-modal series is given as follows.

Definition 1. The finite series of real numbersa1, a2, . . . , an, is called a movable uni-modal series if and
only if there exists two elementai andaj , such that the seriesai, ai+1, . . . , aj−1 is a strictly decreasing
series andaj , aj+1, . . . , ai−1 is a strictly increasing series, whereai+n is denoted asai .
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Taking a full advantage of the uni-modality of the series, we will now prove that an rotational sorting
algorithm can be used for the data assignment process of multitarget tracking problem, reducing the
computational complexity from O(N3) of the Hungarian type algorithms to O(N2).

Definition 2. For arbitrary two anglesα andβ, 0 ≤ α, β < 2π , min{α, β} and max{α, β} are defined as

min{α, β} =
{
β, if α�β ≥ 0,

α, otherwise.
(7)

max{α, β} =
{
α, if α�β ≥ 0,

β, otherwise.
(8)

Definition 3 (Rotational sort). For a list of anglesα1, α2, . . . , αn, 0 ≤ αi < 2π , i = 1, 2, . . . , n, the
rotational sort of the angles is defined as a permutationαi1, αi2, . . . , αin such thatαiu − αi1 mod 2π ≥
αiv − αi1 mod 2π , for any 1≤ u < v ≤ n.

It should be important to note that even ifα1, α2, . . . , αn are all distinct and unequal, the rotational
sorting of the list is not unique. In fact, there aren rotational sorts in this case. In Fig. 2,α3, α5, α1, α2, α4

is a rotational sort of the listα1, α2, α3, α4, α5, satisfying Definition 3.
The notationα1 ≺ α2 ≺ · · · ≺ αn implies that a list ofα1, α2, . . . , αn has been rotationally sorted.

α3 ≺ α5 ≺ α1 ≺ α2 ≺ α4 is a rotationally sorted list for Fig. 2. And for a given rotationally sorted list
of angles, we can always use “≺” to denote a sequence of any two angles in the list, if the condition of
Definition 3 is satisfied. The following Lemma 1 is needed to prove Theorem 1.

Lemma 1. Let C be an assignment matrix between vectorβ = (β1, β2, . . . , βN)
′ andβ̂ = (β̂1, β̂2, . . . ,

β̂N)
′, satisfying[C]j2i1 = [C]j1i2 = 1, with βi1 �= βi2 and β̂j1 �= β̂j2. If we have a rotational sort of the

anglesβi1, βi2, β̂i1, and β̂i2, satisfying property(1), property(2) or (2′), and property(3) or (3′) below,
thenC cannot be a best assignment matrix:

(1) β̂j1 ≺ β̂j2, and βi1 ≺ βi2;
(2) min{βi1, β̂j1} = βi1, β̂j2�βi1 ≥ 0, and β̂j2�β̂j1 ≥ 0;
(2′) min{βi1, β̂j1} = β̂j1, βi2�β̂j1 ≥ 0, and βi2�βi1 ≥ 0;
(3) max{βi2, β̂j2} = βi2, βi2�β̂j1 ≥ 0, and β̂j2�β̂j1 ≥ 0;
(3′) max{βi2, β̂j2} = β̂j2, β̂j2�βi1 ≥ 0, and βi2�βi1 ≥ 0.

Fig. 2. An example of rotational sorted list.
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Fig. 3. An example of the four angles in Lemma 1.

Proof. Without loss of generality, we suppose that property (2) is applicable. Then we will need to
consider only the three cases of Fig. 3: (a)βi1 ≺ βi2 ≺ β̂j1 ≺ β̂j2, (b)βi1 ≺ β̂j1 ≺ βi2 ≺ β̂j2 and (c)βi1 ≺
β̂j1 ≺ β̂j2 ≺ βi2 separately. For cases of (b) and (c), it is easy to establish that(β̂j2�βi2)

2 + (β̂j1�βi1)
2 <

(β̂j2�βi1)
2 + (β̂j1�βi2)

2.
For case (a), we have

(β̂j2�βi2)
2 + (β̂j1�βi1)

2 = ((β̂j2�βi1)− (βi2�βi1))
2 + (β̂j1�βi1)

2

< (β̂j2�βi1)
2 + ((β̂j1�βi1)− (βi2�βi1))

2

= (β̂j2�βi1)
2 + (β̂j1�βi2)

2. � (9)

The conclusion of the lemma is now immediate.

Theorem 1. Letβi1,βi2 andβi3 be distinct and pair-wise unequal elements of the vectorβ = (β1, β2, . . . ,

βN)
′, satisfyingβi1 ≺ βi2 ≺ βi3, and β̂j1, β̂j2 and β̂j3 be distinct and pair-wise unequal elements of the

vector β̂ = (β̂1, β̂2, . . . , β̂N)
′, satisfyingβ̂j1 ≺ β̂j2 ≺ β̂j3. If C is the assignment matrix satisfying

[C]j1i1 = [C]j3i2 = [C]j2i3 = 1, thenC cannot be a best assignment matrix.

Fig. 4. The different positions forβi2.
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Fig. 5. The caseβi1 ≺ βi2 ≺ β̂j1. (1), (2) and (3) are the subcases ofβi1 ≺ βi2 ≺ β̂j1. (3)-a, (3)-b and (3)-c are the subcases of
(3).

Proof. Without loss of generality, we assume thatβ̂j1�βi1 > 0 (see Fig. 4). For an angleα in 0 ≤ α < 2π ,
we denote−α asπ + α, if 0 ≤ α < π , andα − π , otherwise. To determine a possible position forβi2,
we can enumerate the following four cases of Fig. 4(1)–(4), which represent the cases ofβi1 ≺ βi2 ≺ β̂j1,
β̂j1 ≺ βi2 ≺ −βi1, −βi1 ≺ βi2 ≺ −β̂j1 and−β̂j1 ≺ βi2 ≺ βi1, respectively. We examine each of the four
cases separately.

For the first case ofβi1 ≺ βi2 ≺ β̂j1, we further consider the subcases depending on the posi-
tions of β̂j3 (see Fig. 5). It is easy to prove the theorem from Lemma 1 for this case.C cannot be
a best assignment for the cases of Fig. 5(1) and (2), because [C]j1i1 = [C]j3i2 = 1; the case of
Fig. 5(3) must be subdivided into the subcases of Fig. 5(3)-a, (3)-b and (3)-c, where [C]j3i2 = [C]j2i3 =
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Fig. 6. The casêβj1 ≺ βi2 ≺ −βi1. (1), (2) and (3) are the subcases ofβ̂j1 ≺ βi2 ≺ −βi1. (2)-a and (2)-b are the subcases of (2),
and (3)-a and (3)-b are the subcases of (3).

1, [C]j3i2 = [C]j2i3 = 1 and [C]j1i1 = [C]j2i3 = 1 support the evidence of not being optimal
separately.

For the remaining cases ofβ̂j1 ≺ βi2 ≺ −βi1, −βi1 ≺ βi2 ≺ −β̂j1 and−β̂j1 ≺ βi2 ≺ βi1 of Figs. 6–8,
respectively, we could always find a piece of evidence in each case thatC is not the best according to
Lemma 1. �

The following theorem shows that the sorting-based routine of O(N2) complexity gives an optimal
assignment matrix, minimizing the ASE for a fixedX̂.
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Fig. 7. The case−βi1 ≺ βi2 ≺ −β̂j1. (1), (2) and (3) are the subcases of−βi1 ≺ βi2 ≺ −β̂j1. (2)-a and (2)-b are the subcases of
(2), and (3)-a and (3)-b are the subcases of (3).

Theorem 2. Suppose that the cumulative bearing estimate measurement vectors for sensori at timej
(0 ≤ j ≤ k) is given byβ̂i(j) = (β̂1,i(j), β̂2,i(j), . . . , β̂N,i(j))′,and that the real bearing data of sensori

is given byβi(j) = (β1,i(j), β2,i(j), . . . , βN,i(j))′.Given two0–1distinct matricesC1 andC2,each hav-
ing just one1 element in each row and each column, such thatC1β

i(j) = (a1, a2, . . . , aN)
′, C2β̂

i(k) =
(b1, b2, . . . , bN)

′, wherea1 ≺ a2 ≺ · · · ≺ aN andb1 ≺ b2 ≺ · · · ≺ bN , then the best data assignment ma-
trix Ci(j) for minimizing ASE with fixed̂X should be chosen from the set{C ′

2PrC1|Pr = [pr1r2]N×N, r =
0, 1, 2, . . . , N − 1}, wherepr1,r2 is defined as

pr1r2 =
{

1, if r2 − r − r1 ≡ 0 modN,

0, otherwise.
(10)
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Fig. 8. The case−β̂j1 ≺ βi2 ≺ βi1. (1), (2) and (3) are the subcases of−β̂j1 ≺ βi2 ≺ βi1. 3-(a) and (3)-b are the subcases of (3).

Proof. If Ci
r(j) = C ′

2PrC1, we have

ASE = 1

skN

s∑
i=1

k∑
j=0

Eij (r). (11)

We writeEij (r) = [Ci(j)βi(j)�β̂i(j)]′R−1
i [Ci(j)βi(j)�β̂i(j)]. Noting thatC ′

2 = C−1
2 , we have the

following relation:
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Table 1
Routine for finding an optimal assignment matrix

1. Sort the terms inβi(j) into increasing order asβe1,i (j), βe2,i (j), . . . , βeN ,i (j)
2. Sort the terms in̂βi(j) into increasing order aŝβf1,i (j), β̂f2,i (j), . . . , β̂fN ,i (j)

3. ConstructC1 for (1) such that [C1]tet = 1 for each 1≤ t ≤ N

4. ConstructC2 for (2) such that [C2]tft = 1 for each 1≤ t ≤ N

5. For eachPr , r = 0, 1, . . . , N − 1, calculateCi(j) = C ′
2PrC1 and the associatedEij (r), then choose the best one

Eij (r) = [C ′
2PrC1β

i(j)�β̂i(j)]′R−1
i [C ′

2PrC1β
i(j)�β̂i(j)]

= [PrC1β
i(j)�C2β̂

i(j)]′R−1
i [PrC1β

i(j)�C2β̂
i(j)] = 1

σi

N∑
t=1

(at�bt+r−1 modN+1)
2. (12)

We should note that the set{C ′
2PrC1|r = 0, 1, 2, . . . , N − 1} has been obtained after enumerating all

the following matches:

β1,i(j) β2,i(j) · · · βN,i(j)

� � �
β̂1,i(j) β̂2,i(j) · · · β̂N,i(j)


 ,



β1,i(j) β2,i(j) · · · βN,i(j)

� � �
β̂N,i(j) β̂1,i(j) · · · β̂N−1,i(j)


 , . . . ,



β1,i(j) β2,i(j) · · · βN,i(j)

� � �
β̂2,i(j) β̂3,i(j) · · · β̂1,i(j)


 .

The conclusion of Theorem 2 is immediate from Theorem 1. �

2 The theorem shows that an optimal local matrixCi(j) for a fixedX̂ can be obtained first by sorting
βi(j) andβ̂i(j) by any of the sorting algorithm with the complexity of O(N logN), and then choosing
the one satisfying Theorem 2 from amongN potential candidates. This can be obviously done with the
complexity of O(N2). This is illustrated in the new procedural flow of Table 1.1 Note that the sorting of
β̂i(j) could be done at the very beginning of an iteration whose order will remain valid at each step of the
iterations. The complexity of computing the present assignment matrixCi(j) is far more efficient than
the Hungarian method type algorithms used by most of previous works (e.g. [1,4]), including a Hungarian
algorithm of [10,11], an improved Hungarian algorithm of [12], Auction and RELAX-II algorithms of
[13,14], or the signature methods of [15,16], all having the complexity of O(N3).

4. Conclusion

Taking full advantage of the uni-modality of the series in the coefficients of the related data association
matrix, we have developed a new data association algorithm problem embedded in the ML-based relax-
ation solution to a multitarget tracking problem, reducing the complexity from O(N3) of the conventional
Hungarian type routines to O(N2).

1 For the particular case of “�” being “−”, it is easy to see that the routine of Table 1 can be simplified to complexity of
O(N logN), sinceCi(j) = C ′

2C1 gives the best assignment without an enumeration ofPr of the present case.
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The theorems we have proved depend on the assumption of no cluttering and no missing measuring data.
Although the no cluttering assumption may not be too unrealistic in many of the air traffic surveillance
system [20], the no missing data assumption may be too restrictive in practice. We hope to extend the
analysis to take the missing data into consideration, hoping to obtain the algorithm of lower complexity,
if only the missing data is considered but not the cluttering.

References

[1] P. Ting, A. Iltis, Multitarget motion analysis in a DSN, IEEE Trans. Syst. Man Cybernetics 21 (5) (1991) 1125–1139.
[2] C.R. Rao, C.R. Sastry, B. Zhou, Tracking the direction of arrival of multiple moving targets, IEEE Trans. Signal Process.

42 (5) (1994) 1133–1144.
[3] N. Yoshida, T. Sayo, K. Yamamoto, Multitarget motion analysis by cooperative multiagent system, in: Proceedings of the

Second International Workshop on Cooperative Distributed Visions, 5–6 November 1998, pp. 203–212.
[4] K.R. Pattipati, S. Deb, Y. Bar-Shalom, R.B. Washburn Jr., A new relaxation algorithm and passive sensor data association,

IEEE Trans. Autom. Contr. 37 (2) (1992) 198–213.
[5] S. Narazaki, H. Yamamura, N. Yoshida, Strategies for selecting communication structures in cooperative search, Int. J.

Coop. Inform. Syst. 4 (4) (1995) 405–422.
[6] A. Satish, R. Kashyap, Multiple target tracking using maximum likelihood principle, IEEE Trans. Signal Process. 43 (7)

(1995) 1677–1695.
[7] C.H. Papadimitriou, K. Steiglitz, Combinatorial Optimization: Algorithms and Complexity, Prentice-Hall, Englewood

Cliffs, NJ, 1982.
[8] M.R. Gray, D.S. Johnson, Computers and Intractability: A Guide to the Theory of NP-Completeness, Freeman, San

Francisco, CA, 1979.
[9] S. Blackman, R. Popoli, Design and Analysis of Modern Tracking Systems, Artech House, 1999.

[10] H.W. Kuhn, The Hungarian method for the assignment problem, Naval Res. Logist. Q. 2 (1955) 83–97.
[11] H.W. Kuhn, Variants of the Hungarian method for the assignment problem, Naval Res. Logist. Q. 3 (1956) 253–258.
[12] G. Carpaneto, P. Toch, Algorithm 548: solution of the assignment problem [H], ACM Trans. Math. Software 6 (3) (1980)

104–111.
[13] D.P. Bertsekas, A unified framework for primal-dual methods in minimum cost network flow problems, Math. Programming

32 (1985) 125–145.
[14] D.P. Bertsekas, The auction algorithm: a distributed relaxation method for the assignment problem, Ann. Operat. Res. 14

(1988) 105–123.
[15] M.L. Balinski, Signature methods for the assignment problem, Operat. Res. 33 (3) (1985) 527–536.
[16] D. Goldfarb, Efficient dual simplex algorithm for the assignment problem, Math. Programming 33 (1985) 187–203.
[17] O.E. Drummond, D.A. Castanon, M.S. Bellovin, Comparison of 2-D assignment algorithms for rectangular, floating point

cost matrices, Proc. SDI Panels Tracking 4 (12) (1990) 81–97.
[18] N. Yoshida, A. Mitani, Distributed processing for multitarget motion analysis, in: Proceedings of the IEEE International

Conference on Multisensor Fusion and Integration for Intelligent Systems, 1996, pp. 297–303.
[19] N. Yoshida, A. Mitani, Multitarget motion analysis by distributed cooperation, J. Inform. Process. Soc. Jpn. 38 (2) (1997)

206–214 (in Japanese).
[20] R.L. Popp, K.R. Pattipati, Y. Bar-Shalom, R.A. Ammar, Shared-memory parallelization of the data association problem in

multitarget tracking, IEEE Trans. Parallel Distributed Syst. 8 (10) (1997) 993–1005.


