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Abstract— Compared with a single level Hamming associative memory,
a simple model based on uniform random noise analysis has proved a two-
level decoupled Hamming network to be an efficient associative memory
but with a lower capacity against uniform random noise. Introducing
concentrated noise, our more detailed analysis shows that the deteriorated
capacity of the two-level Hamming associative memory against uniform
random noise is actually minor, but that it possesses a substantially
increased capacity against concentrated noise which is more prevalent in
practice than uniform random noise.

I. INTRODUCTION

An associative memory is a memory that is addressed through its
contents. When an input pattern, called a memory key, is presented,
the associative memory should return a stored pattern coincident with
the key. The behavior of an associative memory is very close to
our human behavior in remembering something in the presence of a
sensory cue. The coincidence between a memory key and a stored
pattern need not and should not be perfect. The associate memory
should be able to recall a stored pattern that is similar to the memory
key such that noise polluted inputs can also be recognized.

Many neural models have been proposed for associative memories
[1], [2], [3], [4]; but it seems that there is no practica package
available up to now. Most of these models suffer from serious
problems including complicated hardware designing and a huge
number of interconnections [5].

Most recently, Ikeda and et.a[5] has presented a two-level de-
coupled Hamming memory, which is generalized from a single
level Hamming associative memory. They showed that the two-level
decoupled Hamming memory retains a high performance and allows
for a simpler hardware implementation. But it has a lower capacity
for tolerating uniform random noise in comparing with a single level
Hamming associative memory[5]. *

This paper follows the basic assumptions of [5] on the uniform
distribution of memory patterns and on the uniform distribution of
random noise that corrupts a memory pattern into a memory key to be
recognized. We further assume the presence of so-called concentrated
noise, which corrupts parts of memory keys. We show that the
deteriorated capacity of a two-level decoupled Hamming memory
against uniform random noise of citeikeda is actually minor when
errors on the independence of the random variables are corrected, and
that this dightly deteriorated capacity is more than compensated by
its substantially increased capacity against concentrated noise which
is more prevalent in practice than uniform random noise.

1The derivation in [5] actually has minor errors. It claims that the random
variables representing the numbers of votes received by different memories
are independent. This is wrong as we can see this by a simple example where
the memory set consists of only two memory patterns. When corrected, we
show the deteriorated capacity against random noise turn out to be smaller.
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Il. HAMMING ASSOCIATIVE MEMORY, TWO-LEVEL HAMMING
MEMORY AND BASIC ASSUMPTION ON MEMORY PATTERNS

A. Hamming Associative Memory

Throughout this paper, we follow the definition of [5], discussing
only the auto-associative memory for 2-D patterns. In this case, each
memory pattern X’MMMQ is an integer array of size My x Mo.
Herei € {1,2,---,m} is the memory pattern index. A Hamming
associative memory returns a memory pattern Xﬁ‘\}1 M, fOr aninput
memory Key Y ur, x ar, if:

d(XI]CWIXM27YM1 ><M2) < d(xé\/h ><M2’YM1><M2)

for al i # k, where d(-,-) is defined as the city block distance
between two arrays.

To simplify the analysis, we follow [5]and only consider binary
memory patterns, that is, each memory pattern is a 0-1 array. In
this case, the city block distance actually reduces to the Hamming
distance.

B. Two-Level Decoupled Hamming Memory

A two-level decoupled Hamming memory is set up by partitioning
each of the memory patterns into a set of sub-memory patterns, and
associating the corresponding sub-memory patterns of all the memory
patterns with a local memory set. The decoupled Hamming memory
is operated as follows: it firstly partitions the memory key into sub-
memory keys in the same fashion as partitioning memory patterns,
calculates the City-block distances locally between the sub-memory
key and each sub-memory pattern in the corresponding local memory
set to decide the closest sub-memory pattern to the sub-memory key
in each local memory set, then returns a “closest” memory key by
employing a voting mechanism on the results obtained from all local
memory sets.

Formally, we always suppose M; and M, are divisible by R; and
Ry respectively, we partition each X,  ar, (1 <i < m) into a set

i,1,1 i,1,2 i,M1/R1,M2/R>
of sub-memory patterns X5 * o X3 Sy 0 Xg Kr, o

and set up alocal memory set {X;;7( . X300, o XEG )
for each tuple (5,t) 1 < j < Mi/R; and 1 < j < My/R»).
Then for any input memory key Y, we partition it into {Y ', 5.,
Y52 gy o Y M2/ 2y and calculate the City-block dis

R1 X R
tances between thel_sqbz-memory key wa’tl /Ry x Ma /R, AN the sub-
memory patterns X?\,/;l,t/RlxMz/Rz' 1 < ¢ < m to find the index of
the closest sub-memory patterns to the sub-memory key. Finaly we
vote on the locally determined sub-memory pattern indexes using a
simple majority scheme to return a memory pattern.



C. Basic Assumption on the Memory Patterns

We follow the basic assumptions of [5]; each memory pattern is
generated by a uniform 0.5 probability of each bit being 1 or 0;with
the memory key being a corrupted version of one of the memory
patterns, named target memory, when subjected to certain noise.

We have many types of noise, of course. Basicaly, two types of
noise have been treated in stability analysis literature [6], namely
uniform random noise and concentrated noise. As in [5], we assume
that a set of uniform random noise is capable of corrupting the target
memory pattern into a memory key, by changing the value of each bit
of a memory pattern by a probability of p. We further assume that,
concentrated noise, on the other hand, appears in blocks and changes
the values of al hits polluted into the opposite values (i.e., from 1
to 0, and O to 1) 2. Formally, concentrated noise is here defined as a
union of non-overlapped blocks of noise corrupting blocks of the two
dimensional target memory pattern into the memory key, such that
each bit on each corrupted block of the target memory pattern flips its
value. To simplify the analysis, we assume each concentrated noise
block is able to occupy as many sub-memory patterns as possible.
We will pay particular attention to the sub-memory patterns which
are “covered” by a noise block in its entirety which means in the
analysis of the two-level decoupled Hamming memory all the bitsin
the sub-memory patterns flip their values. We call these sub-memory
patterns as fully polluted sub-memory patterns by concentrated noise.
For the parts of noise blocks that are not able to occupy an entire sub-
memory pattern, we suppose that they distributed averagely over all
the sub-memory patterns which are not fully polluted by concentrated
noise.

The amount of uniform random noise could be measured by
pM; M-, while the amount of concentrated noise by the total size
S of noise blocks, each block is assumed to be of size Vi x Ns.

I11. CAPACITY ANALYSIS

To simplify the analysis, we only consider the case of m = 2.
For m > 2, to determine the closest pattern to be returned with
an input memory key, we use a “pair-wise best” scheme. That is,
a memory pattern is returned if and only if it is independently
“closer” to the memory key than any other memory pattern. For single
level Hamming associative memories, the “pair-wise” best (closest)
is always the best (closest) of al. However, this is not always true
for a two-level decoupled Hamming associative memory. A simple
example is given below: Suppose we partition each of the memory
patterns into 7 sub-memory patterns, and associate the corresponding
sub-memory patterns of all the memory patterns with alocal memory
set so that there are 7 local memory sets, namely Ly, Lo, ---, L7.
In Ly, L, the sub-memories of memory pattern C are “closer” to
memory key than those of A, and the sub-memories of memory
pattern A are “closer” to the memory key than those of B; in local
memory sets Ls and L4, the sub-memories of memory pattern A are
“closer” to the memory key than those of B, and the sub-memories of
memory pattern B are “closer” to memory key than those of C; in the
remaining 3 local memory sets, the sub-memories of memory pattern
B are “closer” to memory key than those of A, and the sub-memories
of memory pattern A are “closer” to memory key than those of C. In
this example, the pair-wise best is memory pattern A while the best
of al be memory pattern B.

Although a pair-wise best is not always the “best of al”, there is
no reason to believe “the best of al” is more reasonable. Actually,

2We do not consider “double” polluting, i.e., when a bit is polluted by both
concentrated noise and uniformly random noise, we suppose its value changes
only once.

a par-wise best satisfies a major criterion in voting theory [7],
namely independence of irrelevant alternatives criterion, which means
that societal preference of two alternatives should be independent
of preferences for other options, or we could say that the winning
candidate should remain to be the winner if one or more of the losing
candidates drop out.

We would like to remind the reader here that we aways use ®(x)

1 (" _£ e _— .
to denote o ez dy, which is the distribution function of a
™

standard normal distribution. In the following discussion, we aways
assume M M is a large number.

A. Capacity of One-Level Hamming Associative Memory

Theorem 1: The probability that a 1-level associative memory
returns the target memory is:

%%<

i=s
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(I 2 05MM,

V0.250M; M

For large M, M, — S, this can be approximated to the following
equation:

Proby.jevel = >pj‘5(1 —p)tes

) )

(0.5 —p)MiM> — (1 —p)S

\/(MlMg — S)p(l —p) + 0.25M1 M, .
The proof is omitted because of space limitations.
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B. Capacity of Two-Level Decoupled Hamming Associative Memory

Theorem 2: The probability that a two-level decoupled Hamming
associative memory returns the target memory is:
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For large R1 R» , Equations 5 and 6 can be approximated by:
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When R, R, —ny islarge, Equations 5 and 6 can further be simplified
to:
(0.5 —p)R1R> — (1 —p)ny
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Equation 3 can be simplified as follows:

When n,, is large, and P; is not too close to 0 or 1:
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When both n, and 52 — n, are large, and neither P, nor

| P, — P| istoo close to 1: Prob2 level =
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The proof is omitted because of space limitations.

C. Conclusion

Figure 1 shows the capacities with different amount of uniform
noise and different region sizes, when some concentrated noise is
present. The figure shows clearly that the two level Hamming asso-
ciative memory aways has larger capacity than one level Hamming
associative memory does.
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Fig. 1. Capacities of Hamming associative memories with different amount
of uniform noise and different region sizes, when some concentrated noise is
presented

Notice that, in figure 1, the amount of concentrated noise S is
much smaller than that of uniform noise pM; M.

The improved capacity of two level Hamming associative memory
can aso be seen in figure 2, which illustrates the capacities of one-
level and two-level Hamming associative memories with different
uniform noise level p and different amount of concentrated noise .S.
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Fig. 2. Capacities of Hamming associative memories with different S and
different amount of uniform noise



We should mention that, it is hard to see any difference between
one-level and two level Hamming associative memories in these
figures, for relatively small amount of concentrated noise S. However,
there is some difference there, although it is extremely small when
the memory pattern size M; M, is large.

When the memory pattern size M, M, is not too large, S is
extremely small and p is large, we could notice by Figure 3, that 2-
level the capacity of Hamming associative memory is a little smaller
than that of 1-level Hamming associative memory. We must point
out that, even if these deteriorated capacity against uniform noise is
very smal, it is important if there are a lot of memory patterns in
the memory sets.

This is actually why the experimental analysis in [5] shows a
substantially lower capacity of 2-level Hamming associative memory
in comparing with 1level Hamming associative memory in case only
uniform random noise is present. 3 However, as it can be seen in
Figure 1, if the amount of concentrated noise is not extremely small
like Figure 3, even if it is dtill far smaler than the amount of
uniform noise p M, M, the deteriorated capacity of 2-level Hamming
associative memory against uniform noise is more than compensated
by its substantially increased capacity against concentrated noise.
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Fig. 3.  Capacities of Hamming associative memories with different S

and different region sizes, when concentrated noise is absent and the entire
memory pattern size M; M2 is small

IV. EXPERIMENTS

An experiment has been set up using 2 sets of frontal-view facial
pictures of 100 persons; each set contains 100 pictures of different
persons. We crop and scale each faces into a standard size of 72 x 72
pixels, using the position of the eyes, such that the line between two
eyes is parale to the horizontal axis, the inter-ocular distance is set
to be 38 pixels.

We use one set as the memory set, another set as the test set.

3The training and test sets in the experiments in [5] is too artificially created
according to the assumption of the model, they should not be able to be used
to verify the correctness of the model itself.

In order to make the two level models more robust to small shift,
we applied an elastic graph matching-type procedure. That is, when
computing the local distance between the input and a memory image,
we compute the distance in the standard position of the window as
well as nearby positions (we perturb the position of the window a
few pixels in each direction) and select the smallest among these
candidate distances as the local distance.

Consequently, when computing the distance between the input and
a memory image for the one level model, we list all the windows of
Size 66 x 66 in the input and in the memory image and compute the
distances between windows in the input and windows in the memory
image. Among these many different distances, we select the smallest
as the distance between the input and the memory image.

We compare the recognition performance of 1-level and 2-level
Hamming Associative Memory. Table | shows the recognition rate at
different sizes of windows. This shows that the two level Hamming
associative memory works much better than the one level Hamming
associative memory.

TABLE |
RECOGNITION RATES OF 1-LEVEL AND 2 LEVEL HAMMING ASSOCIATIVE
MEMORY FOR FACIAL RECOGNITION

Window Size for 2-Level Hamming Memory
3X3 | 6X6 ] 9%x9 12x12 | 18 X 18

1-Level Hamming
Associative Memory

845% | 89% | 92.5% 97% 87% 86%

V. CONCLUDING REMARKS

We have shown in this paper that the two-level Hamming associa-
tive memory has higher capacity than one-level Hamming associative
memory against concentrated noise at any intensity. We also showed
that, although two-level Hamming associative memory has dlightly
lower capacity against uniform random noise, its deteriorated capacity
is more than compensated by its substantially increased capacity
against concentrated noise, even if the amount of concentrated noise
is not high. The presence of concentrated noise is very common
in practice. We believe the presence of purely uniform noise is very
rare in practice, these “pure” situations are unlikely to occur; because
such a situation actually means that the noise is dispersed uniformly
over the whole pattern without any exception, which makes the noise
sound too regular and too predictable to be “random” noise. The
superiority of the two-level Hamming associative level is evident..

The experiment on real dataset has clearly verified our theoretical
conclusion.
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